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The design process for dynamical models has to consider all the properties of a mechanical system that have an effect on its dynamical response. In
multi-body dynamics, flexible bodies are frequently modeled as rigid, resulting in non-valid modeling of the pre-stress effect. In this research a focus on the
pre-stress effect for a flexible body assembled in a rigid-flexible multibody system is presented. In a rigid-flexible assembly a flexible body is modeled with
an absolute nodal coordinate formulation (ANCF) of finite elements. The geometrical properties of the flexible body are evaluated based on the frequency
response and compared with the experimental values. An experiment including the pre-stress effect and large displacements is designed and the measured
values of the displacement are compared to the numerical results in order to validate the dynamical model. The pre-stress was found to be significant for
proper numerical modeling. The partially validated numerical model was used to research the effect of different parameters on the dynamical response of a
pre-stressed, rigid-flexible assembly.
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Highlights
• A numerical model of a rigid-flexible multibody system is used in the analysis of kinematic properties during switch-off.
• A flexible body is modeled with the Absolute Nodal Coordinate Formulation to include the pre-stress effect.
• The influence of different parameters on the switch-off time and the contact distance is investigated.
• The numerical model was validated and shows good agreement with the experimental values.

0 INTRODUCTION

When modeling dynamical systems the proper material
and contact properties of the numerical model are
crucial for simulating an accurate dynamic response.
One of the properties to be considered is the effect
of pre-stress on rigid and flexible bodies, as it can
have a significant impact on the dynamical response
of multibody mechanical systems.

The modeling of deformable bodies in a
multibody system can be done using a floating frame
of reference (FFR) [1], which is based on the classic
finite element (FE) method that is widely used in a
variety of applications [2] and [3]. While in a floating
frame of reference formulation a mixed set of absolute
reference and local elastic coordinates are used, in
the absolute nodal coordinate formulation (ANCF)
only absolute coordinates are used, which include
global displacement and global vector gradients [4].
The ANCF is a non-incremental method and it has
been used for solving many different problems in
mechanics, such as vehicle components [5] and [6],
the modeling of belt drives [7], railroad applications
[8], bio-mechanics [9] and also in the field of digital
image correlation (DIC) [10]. The main features of
the ANCF are a constant mass matrix, zero centrifugal

and Coriolis inertia forces and the possibility for exact
modeling of rigid-body movement.

The modeling of the pre-stress effect on bodies
in mechanical systems is an interesting research topic
in civil-engineering applications [11], where the static
[12] and dynamic responses of structural elements
are considered [13]. The effect of pre-stress is
introduced to the ANCF finite elements to create an
accurate model of a leaf spring, where pre-stress is
evaluated based on the known geometrical states in the
undeformed and deformed configurations that define
the vector of absolute nodal coordinates [14]. In
[15] the effect of the non-dimensional axial pre-stress
of eigenfrequencies on a simply supported beam is
researched. The pre-stress effect is included in the
model of a flexible multibody belt-drive [16], where
the belt-drive is modeled with ANCF two-dimensional
shear deformable beam elements that account for the
longitudinal and shear deformations.

When modeling mechanical systems [17–20] a
validation is needed to evaluate the results from
the numerical model, this can be done using
different methods of validation. Numerical results
can be compared to: measured values of a real
engineering application [21], measured values of a
custom-designed experimental setup [22] or to another
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numerical result [23] in order to validate the numerical
model. The measured values of the external and
contact forces that result in a pre-stressed state of the
rigid-flexible assembly during the experiment are used
to build the dynamical model with the pre-stress effect.

The objective of our manuscript is the application
of the ANCF method to a real, pre-stressed,
rigid-flexible assembly to model the large rotation
and displacement problem in the dynamics of a
multibody system, where the dynamic response of a
mechanical system is investigated. Measurements are
made to evaluate the actual dynamical properties of
the mechanical system. A comparison between the
numerical results and the measured data is presented.

This manuscript is organized as follows. Section 1
gives the theoretical background for the absolute nodal
coordinate formulation and a generalized force vector
is introduced. In addition, the formulation of the
equations of motion for multibody systems assembled
from rigid and flexible bodies is presented. In Section 2
the numerical model of a circuit-breaker assembly is
presented. The experimental results are compared to
the numerical ones in Section 3. Finally, the last
Section draws the conclusions.

1 THEORETICAL BACKGROUND

The ANCF is a non-incremental, finite-element
method that can be used to describe large rotations
and large deformations in applications of multibody
system dynamics [24–26]. The formulation uses
a position vector and gradient vectors as the nodal
coordinates. The beam elements, based on an absolute
nodal coordinate formulation, can be specified as
Euler-Bernoulli or shear deformable and have been
intensively used in two- and three-dimensional beam
applications [27] and [28].

The general motion of a two-dimensional j-th
beam finite element can be described with the vector
field [29]:

r j(x, t) =

[
r j

x

r j
y

]
= S j(x) e j(t) , (1)

where r is the global position vector of an arbitrary
point on the element, S is the global shape function
that depends on the Lagrangian coordinates and e is
a vector of time-dependent coefficients that consist of
the absolute position and slope coordinates of each
node in an element. In this paper a planar gradient
deficient [25] Euler-Bernoulli beam element is used
[30–32], Fig. 1.

a)

b)

Fig. 1. Position vector and slopes in the planar absolute nodal
coordinate beam finite element: a) undeformed and b) deformed reference
configuration

The vector of the element nodal coordinates e for
a Euler-Bernoullli finite element is given by

e = e(t) = [e1 . . .e8]
T . (2)

The vector of the nodal coordinates includes the global
displacements [4]:

r1 = r(0) = [e1 e2]
T , r2 = r(L) = [e5 e6]

T , (3)

and the global slopes of the element nodes that are
defined as [33]:

r1
x =

∂r1(0)
∂x

= [e3 e4]
T ,r2

x =
∂r2(L)

∂x
= [e7 e8]

T . (4)

For this element the shape function S is a 2×8 matrix
and is defined as [25]:

S = [S1I S2I S3I S4I]T , (5)

where I is a 2× 2 identity matrix and S1 . . .S4 can be
written as [34]:

S1 = 1−3ξ 2 +2ξ 3, S2 = l
(
ξ −2ξ 2 +ξ 3) ,

S3 = 3ξ 2 −2ξ 3, S4 = l
(
−ξ 2 +ξ 3) , (6)

where ξ = x/L is the only coordinate of the element
with length L. Only one gradient vector can be defined
at the node and the shear strain is assumed to be zero.
As a consequence, the cross-section is assumed to
remain perpendicular to the element’s center line.

1.1 Multibody Dynamics

The virtual work of the external force F j applied at an
arbitrary point P defined by the coordinates x j

P on the
j-th finite element can be written as [1] and [29]:

δW j
e = F jT δr j

P = F jTS j
(

x j
P

)
δe j = Q jT

e δe j. (7)
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For example, the virtual work Eq. (7) due to the
distributed gravity of the finite element can be obtained
using the shape function, Eq. (5) as:

δW j
g =

∫ j

V
[0 −ρg]S jδe j, (8)

δW j
g = −m j

eg
[

0
1
2

0
L
12

0
1
2

0 − L
12

]
δe j. (9)

The gravitational force vector acting at the element
nodal coordinates can be expressed as:

Q j
g =−m j

eg
[

0
1
2

0
L
12

0
1
2

0 − L
12

]T

. (10)

1.2 Equations of Motion

A mechanical system is an assembly of rigid and
deformable bodies that are connected with kinematic
constraints to achieve the design requirements [1].
The kinematic constraint equations that describe
the mechanical joints between the bodies as well
as time-dependent, user-defined motion trajectories
are defined in terms of the vector of generalized
coordinates of the system, q, and time t as:

C(q, t) = 0, (11)

where C is the vector of constraint equations. The
vector q includes the generalized coordinates of
the rigid and flexible bodies of the system, where
flexible bodies are described with the absolute nodal
coordinates vector e. The constraint forces are
included in the equations of motion with the use of
Lagrange multipliers and the equations of the system
have the form:

Mq̈ = Qe −Qs −CT
qλ , (12)

where M is a symmetric mass matrix of the multibody
system and includes rigid and deformable bodies,
Cq is the Jacobian matrix of kinematic constraints
Cq = ∂C/∂q, q̈ is the vector of accelerations of the
multibody system, Qe is a vector of all the applied
external forces, including the contact forces, spring
forces and gravitational forces, Qs is a vector of elastic
strain forces developed only for the deformable bodies,
and λ is the vector of Lagrange multipliers. Eq. (12)
and the second time derivative of Eq. (11) can be
written together in the augmented form [25]:

[
M CT

q
Cq 0

][
q̈
λ

]
=

[
Qe +Qg −Qs

Qd

]
, (13)

where Qd is the vector that absorbs all the terms of
the acceleration constraint equations that depend only

on the velocities [35]. The vector of accelerations q̈
can then be integrated forward in time to obtain the
velocities q̇ and coordinates q [36].

For the i-th deformable body (that is assembled
from ne number of ANCF finite elements) the mass
matrix and the force vectors are presented in details
in Section 4 [25].

The effect of pre-stress is introduced to the rigid or
ANCF flexible body with the external force applied to
the flexible body using Eq.(7) and the force magnitude
and direction must be defined, although this rapidly
decreases to zero during the time integration.

2 THE NUMERICAL MODEL OF A PRE-STRESSED
RIGID-FLEXIBLE ASSEMBLY

A real mechanical system of a pre-stressed
rigid-flexible assembly of a residual current circuit
breaker (RCBO) is used in the experimental setup,
Fig. 2, and also for the numerical model’s validation,
Fig. 3. The mechanical system is assembled from
an inertially fixed pin, a rigid body, a point mass, a
flexible body and a pre-stressed helical compression
spring. The helical compression spring is mounted
between the inertially fixed housing and the flexible
body. The rigid body with a slot is in contact with
the pin via a pin-slot clearance joint [37]. An electric
cable connects the terminal with the flexible body and
if the flexible body is in contact with the static contact
the circuit breaker is switched ON and conducts an
electric current.

The assembly’s pre-stressed state results from the
accumulation of the potential energy in the pre-stressed
helical springs and the elastic strain energy in the
flexible body. To speed-up the electrical switch, the
potential energy due to the pre-stress is used. Details
about the numerical model are presented next.

2.1 Numerical Model

An inertially fixed rigid pin body is connected to a
rigid slot body with a pin-slot clearance joint [37].
The moving contact part is modeled as three separate
bodies, e.g., a rigid slot body, a contact pad as a
mass point and a flexible body as a beam based
on ANCF. In Fig. 3 the flexible beam is modeled
with two ANCF finite elements and three nodes, e.g.,
i = 1 and n = 2. The rigid connection is used to
mechanically couple the rigid slot body and the flexible
body [38]. A pre-stressed helical compression steel
spring is attached between the flexible beam body and
the ground [35]. The body coordinate system marked
with the upper-script number of the body coincides
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with a body center of mass for the rigid body, while
the body coordinate system for the flexible body is
positioned at the first node of a body’s mesh.

At the initial position of the moving contact
different forces are applied to keep it in a stationary
position, e.g., the force of a helical compression
spring, the contact force between a pin and a slot,
the pre-stressed contact force between a moving
contact and a fixed contact, Fc, and the external
pre-stressed force F2 (t). The flexible body vibrates
continuously under gravity if there is no damping.
During a dynamical simulation only the spring force is
continuous and the contact force between the pin and
the slot is present when the contact is detected.

Fig. 2. A pre-stressed rigid-flexible assembly with contact conditions - the
experimental setup

Fig. 3. A pre-stressed rigid-flexible assembly with contact conditions - the
dynamical model

The geometrical and mass properties used for
the numerical model of the multibody system are
summarized in Table 1. The initial position and the
orientation values of the i-th body are marked as qi

0
and the initial velocity vector, q̇i

0, of the multibody
system is zero. The vector q2

0 for the flexible body only
defines the position and the orientation of the body’s
local coordinate system, which is used to transform the
absolute nodal coordinate of the flexible body, while
the actual values depend on the number of ANCF finite
elements used, e.g., for 2 Euler-Bernoulli ANCF finite
elements the vector q2

0 has 3 nodes and each node has
2 vectors (one position and one gradient vector), which
in total equals 12 components of the vector q2

0.
A helical compression spring is attached to the

housing (ground) at position us
P =

[
0, us

P,y

]
and onto

the body 2. For a flexible body (i = 2) the spring
position is defined as L2 = 18.5 mm, see Fig. 3, and for
a rigid body (i = 2) the spring position is u2

P = [6.5,0.]
mm.

Dynamical simulations of the numerical model are
performed with custom-written software [39], which
automatically generates the equations of motion and
uses numerical integration techniques to solve them,
Eq. 12.

2.2 Free-Free Response of the Rigid-Flexible Assembly

In order to validate the equivalent geometry and
stiffness properties of the rigid-flexible assembly a
measurement of the bending natural frequencies was
made, Fig. 5. A Polytec PDV 100 vibrometer was
used to measure the response of the flexible part of the
assembly; the impact excitation was introduced via a
miniature PCB Piezotronics’s impulse hammer model
084A14. The data acquisition was made using a NI
9234 24-bit data-acquisition card with a sampling rate
at 51.2 kHz and 512 samples were acquired during the
measurement.

In the numerical model (Fig. 4), all the contacts
were removed to obtain the free-free conditions and the
external force F0(t) =

[
0, F0

y (t)
]T was applied, where

F0
y (t) is:

F0
y (t) =

{
F0 sin

(
π
tF

t
)
, if t ≤ tF

0
, (14)

F0 = 4 N represents the force amplitude for the selected
time interval [0, tF = 0.1] ms and the simulation end
time is tn = 100 ms.

Table 2 shows the parameters that were used
in the model to obtain the natural frequencies
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Table 1. Properties of the multibody system

rigid slot body flexible body rigid body contact pad
i 1 2 2 3
mi [10−3 kg] 0.473 1.3 1.3 0.346
Ji [10−9 kg m2 ] 3.38 / 66.58 /
qi

0 [mm, mm, deg] [−3.15, 0.6, 14.8] [−5.6, −15.4, 83.6] [−4.2, −3, 83.6] [−5.6, −15.4, /]
q̇i

0 [mm, mm, deg]/s 0 0 0 0

Fig. 4. A free-free rigid-flexible assembly

[40] at the free-free boundary conditions shown in
Table 3. Table 3 compares the ANCF model to the
modal analysis results using the commercial software
ANSYS (BEAM188 elements) and the experimental
results.

Table 2. Properties of a rigid-flexible assembly

Property Value
length L [mm] 25
height h [mm] 1.1
width w [mm] 5.2
density ρ [kg/m3 ] 8940
Young’s modulus E [GPa] 127

Table 3. Bending natural frequencies [Hz] of the rigid-flexible assembly at
free-free boundary conditions

Exp. ANCF ANSYS
1st bending frequency [Hz] 4600 4724 4971
Error [%] 0 -2.62 -7.46

3 THE EXPERIMENT

The experimental setup is shown in Fig. 2. Two
pre-stress contact forces were measured during the
experiment: the PCB 218C was used to acquire the
change of contact force on one side (the force F2

x in
the model), while the Endevco 2312 was used on the
other (the force Fc in the model). The latter was also
used to apply the pre-stress via a string, see Fig. 2.
Both sensors are charge-type and require a charge

amplifier (Brüel & Kjaer Nexus 2692 was used). When
the pre-stress string on the Endevco 2312 side was
instantly cut, the static contact forces were taken from
the measured dynamic force. The data was acquired
with the NI 9234 (24-bit) card at a sampling frequency
of 51.2 kS/s per channel.

During the experiment the motion of the
rigid-flexible assembly was recorded with a Photron
FASTCAM SA-Z high-speed camera. A frame rate of
67200 fps at a resolution of 384×640 pixels was used.
Each pixel corresponded to 47 µm for the measured
assembly. A digital image correlation (DIC) [23] and
[41] was applied to the high-speed camera images to
obtain the kinematics of the assembly. An image from
recorded sequence is presented in Fig. 6.

3.1 Results

The pre-stressed forces F2
x and Fc were measured when

the string was instantly cut and are shown in Table 4.

Table 4. Measured pre-stressed forces

Measured force
F2

x [N] 11.77
Fc [N] 2.92

The kinematics of the position vector of node
0 in the x (i.e., e0

x) and y (i.e., e0
y) direction

obtained from the DIC are shown in Figs. 7 and 8,
respectively. Finally, the trajectory of node 0, e0,
is shown in Fig. 9. The experimental results are
compared to the numerical results obtained using
two numerical models: the deformable rigid-flexible
assembly presented in Section 2 and a rigid assembly.
The rigid assembly was similar to the flexible-rigid
assembly, but the "flexible body” (Fig. 3) was modeled
as rigid and therefore not able to accumulate the
potential energy due to the pre-stress.

The performance of the electric circuit breaker
is evaluated based on several criteria, one that has
to be considered is the speed of the contact to break
the electric circuit, e.g., to move away as quickly as
possible. Fig. 7 shows that a distance of approximately
2 mm is guaranteed at approximately 1.75 ms after

Absolute Nodal Coordinate Formulation in a Pre-Stressed Large-Displacements Dynamical System 421
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Fig. 5. Measurement of bending natural frequencies of the rigid-flexible assembly for free-free boundary conditions

Fig. 6. An image recored with high-speed camera at experiment time t =
0.98 ms

the movement is started. Once the numerical model
is partially validated it can be used to research the
parameter’s influence. Fig. 10 shows the comparison
of the x coordinate of node 0, e0

x , for different values of
the pre-stress force, the parameter of torsional stiffness

Fig. 7. A x coordinate of a node 0, e0
x , on a flexible body and comparison

with a rigid body and experimental values

Fig. 8. A y coordinate of a node 0, e0
y , on a flexible body and comparison

with a rigid body and experimental values

ct and the location of the attached helical spring us
P,y.

From the results it follows that a doubled pre-stress and
a decreased stiffness ct and a change in the attachment
of the helical spring us

P,y from 0 mm to −1 mm would

422 Skrinjar, L. - Slavič, J. - Boltežar, M.



Strojniški vestnik - Journal of Mechanical Engineering 63(2017)7-8, 417-425

423Skrinjar, L. – Slavič, J. – Boltežar, M.

“main” — 2017/7/14 — 13:51 — page 423 — #7

Strojniški vestnik - Journal of Mechanical Engineering 63(2017)7-8, 417-725

Fig. 9. A trajectory of a node 0, e0
y , on a flexible body and comparison to

a rigid body and measured values

result in 2 mm of distance in approximately 0.6 ms,
which is approximately 1/3 of the current switch-off
time.

Fig. 10. A x coordinate of a node 0, e0
x , on a flexible body for different

values of prestress effect

4 CONCLUSIONS

In this work a pre-stressed rigid-flexible dynamical
system based on a real mechanical system and a
flexible body is modeled with an absolute nodal
coordinate formulation. The dynamical system is
assembled from rigid and flexible bodies that are
interconnected with kinematic constraints. First,
the bending frequency of the rigid-flexible assembly
is measured and based on the measured data an
equivalent geometry is designed to achieve equal
stiffness properties, including the eigenfrequency. This
geometry of the flexible body is then used in a
multibody system to model the dynamics and to
evaluate the dynamic response of the pre-stressed
rigid-flexible assembly. The dynamics of the

mechanical system is evaluated with digital image
processing of a high-speed camera capture. The
dynamical model is partially validated with the
experimental results. The significance of the modeling
of flexible bodies in the case of pre-stress is shown.

A good agreement between the measurement and
the rigid-flexible model is achieved for x coordinate
(Fig. 7) while for the fully rigid assembly model the
value of final position is properly simulated. The main
difference in the both numerical models is in flexible
body and the hybrid rigid connection between rigid
slot and flexible body that is achieved with a simple
revolute joint with additional torsional spring. For
the circuit breaker function the y coordinate is not as
important as x coordinate; however it is shown that
measured values of y agree well with the numerical
values for the rigid-flexible model, while the rigid
model gives inappropriate results after time approx.
t = 1.26 ms, see Fig. 8. The point trajectory of both
numerical models, see table 1, significantly divergate
at the end of simulation.

Based on the partially validated numerical model
it is clear that a significant decrease in the switch-off
time for the electrical contact is possible.
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A APPENDIX

The flexible body can be assembled from multiple
ANCF finite elements and evaluated mass matrix and
force vectors of the flexible body (continuum) are
obtained from mass matrices and force vector of finite
elements as [35]:

Mi =
ne

∑
j=1

Bi jT Mi jBi j, (15)

Qi
s =

ne

∑
j=1

Bi jT Qi j
s , (16)

Qi
e =

ne

∑
j=1

Bi jT Qi j
e , (17)

where Bi j is a constant Boolean matrix describing the
element connectivity conditions [25]. The Boolean
matrix includes zeros and ones and maps the element
coordinates to the body coordinates. The Boolean
matrix of the finite element always has a number
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of rows equal to the number of finite element nodal
coordinates and a number of columns equal to the
number of nodal coordinates of the flexible body.

For two ANCF finite elements of Euler-Bernoulli
type, as presented in Fig. 11, the boolean matrix of size
8×12 for each element is defined as:

B0 =




1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0




B1 =




0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1




Fig. 11. Element connectivity
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